The basic reproduction number of an infection in a given population, R 0 , is inflated by individual heterogeneity in contact rates. Recently, new methods for estimating R 0 using social contact data and serological survey data have been proposed. These methods, like most of their predecessors, ignore individual heterogeneity, and are sensitive to perturbation of the contact function. Using a frailty framework, we derive expressions for R 0 in the presence of age-varying heterogeneity. In this case, R 0 is the spectral radius of a population version of the next generation operator, which involves the variance function of the agedependent frailty. This variance can be estimated within a shared frailty framework from paired data on two infections transmitted by the same route. We propose two estimators of R 0 for infections in endemic equilibrium. We investigate their performance by simulation, and find that one is generally less efficient but more robust than the other to perturbation of the effective contact function. These methods are applied to data on varicella zoster virus infection from two European countries.
INTRODUCTION
The basic reproduction number of an infection, R 0 , is the expected number of individuals infected by a single "typical" individual during their infectious period, within an otherwise susceptible population (Diekmann and others, 1990) . R 0 governs important aspects of the dynamics of the infection, and so estimating its value is a problem of practical relevance to public health.
Estimation of basic reproduction numbers
529 Heterogeneity in contact rates inflates the value of R 0 and has important consequences for infection control. In some circumstances, notably when contacts are readily defined and heterogeneity is substantial, there may be an identifiable "core group" of high-risk individuals toward which interventions might be targeted (Woolhouse and others, 1997) . In other situations, however, notably when contacts are ill-defined, it may not be possible to target the high transmitters. In such circumstances, the higher the value of R 0 , the harder it will be to eliminate the infection.
Few statistical approaches take account of heterogeneities in individual circumstances and behaviors, which induce heterogeneities in contact rates, and all standard estimators or R 0 are sensitive to perturbation of the contact function (Greenhalgh and Dietz, 1994; Goeyvaerts and others, 2010) . We propose to incorporate individual heterogeneity from unmeasured age-dependent covariates, which may be achieved naturally within a frailty framework (Aalen and others, 2008, Chapter 6) . These developments build on ideas first introduced in Farrington and others (2001) , but allow individual heterogeneity to vary with age, in line with empirical observations . The approach yields two contrasting estimators of R 0 , which make different use of the contact function. We study the robustness of these estimators to perturbation of the contact function. Finally, we apply the methods to the estimation of R 0 for varicella zoster virus (VZV) infection in England, Wales and Poland, using serological and contact data.
THE BASIC REPRODUCTION NUMBER
Throughout we consider an infection transmitted directly and non-sexually from person to person, in endemic equilibrium within a large population. The infection is spread by contacts between infected and susceptible individuals, the contact rate depending on measured covariates such as age, and unmeasured covariates related to individual behaviors or environments. We focus on the heterogeneity of contacts; heterogeneity of susceptibility and infectiousness are considered briefly in supplementary material available at Biostatistics online, Section 4.
Next generation operator with individual heterogeneity
For simplicity, we assume that age is the only measured covariate, denoted by x or y. We suppose that the age-dependent effect of the unmeasured covariates can be compounded into a single positive random variable w(x, u) where w(·) is a deterministic function and u comprises age-invariant random variables u 1 , . . . , u k representing unmeasured individual characteristics. For each x, w(x, u) has mean 1. Note that while u 1 , . . . , u k are age-invariant, it is still possible to accommodate age-dependence through w(x, u). Of key importance in describing the degree of heterogeneity is the variance of w(x, u); let γ (x) = var{w(x, u)|x}.
The effective contact rate function β(x, u; y, v) denotes the contribution by an infected person with characteristics (y, v) to the infection hazard of susceptible persons with characteristics (x, u). Let f (x, u) denote the joint density of age x and u; as x and u are independent, this factors as f (x) f (u) where f (x) is the marginal age distribution of the population. To keep matters simple, we shall assume that infectionrelated mortality is ignorable, and that the infectious period D of the infection and its latency period are short. These assumptions can be weakened; see, for example, Farrington and others (2001) , where an arbitrary infectious period is used. Let D ⊆ R k denote the support of u. Define the following operator B on functions h :
The operator B is linear and positive. It is the next generation operator of the infection: if, at a given instant, the frequency distribution of infectious individuals is h, where h integrates to the number of infectives 530 C. P. FARRINGTON AND OTHERS present, then B[h] denotes the expected frequency distribution of the individuals they infect during their infectious period D. The literature refers more usually to the next generation matrix, of which R 0 is the leading eigenvalue (Diekmann and others, 1990) . In the present setting, the variables u are continuous, whence the use of operators (Greenhalgh, 1990) .
Frailty model for age-dependent heterogeneity
To make further progress, assume the following multiplicative frailty structure:
where β 0 (x, y) is a deterministic non-negative bivariate function. We also assume that f (x), f (u)w(x, u), and β 0 (x, y) are bounded and integrable. From (2.1),
Since in general D may be unbounded, some care is required in what follows to ensure that the operator B is bounded. Consider the following subset of functions on R + × D:
: g bounded and integrable on R + }.
This is a complete subspace of the set of bounded integrable functions on R + × D. Equipped with the L 1 norm, it is therefore a Banach space. Henceforth, we shall restrict B and regard it as an operator from S to S. For h ∈ S, let h * be the univariate function such that h(x, u) = f (u)w(x, u)h * (x). Then, in the respective L 1 norms, since w(x, u) has a mean 1 for each x, (Jörgens, 1982, p. 69) . This is the basic reproduction number, R 0 (Diekmann and others, 1990; Greenhalgh, 1990) .
In practice, the individual frailties w(x, u) are not observed. Consider the operator B * on the Banach space of bounded and integrable functions on R + defined by
We show that B * has the same spectral radius as B, so that henceforth inference about R 0 can be focused on B * .
PROPOSITION 2.1 The operators B and B * have the same spectral radii. Since |h| = |h * |,
The operator B
* can be regarded as the "population" next generation operator induced by B. Suppose now that B * and its transpose are compact. Note that, since B * is bounded, B * is compact if it is finitedimensional, which can be assumed in applications since age is usually discretized. It then follows that, under suitable conditions (see Jörgens, 1982, Theorem 8.6, pp. 183 and 238) , ρ(B) equals the leading eigenvalue of B * . Note that this is also equal to the leading eigenvalue of the operator B * 1 with kernel
2 ). Henceforth, we shall refer to this common value as R 0 .
Endemic infections
The hazard of infection acting on a susceptible individual of characteristics (x, u) at time t is
where N is the population size and I (·, ·, t) denotes the frequency distribution of infectious individuals at time t, integrating to the number of infectives. When the infection is in endemic equilibrium, t may be dropped, and
where S(y, v) is the probability that an individual of characteristics (y, v) is susceptible. For an infection conferring long-lasting immunity, this is
Thus, at the endemic equilibrium, the hazard of infection is of the form
where
Equation (2.3) defines an age-dependent multiplicative frailty model for the hazard of infection, with age-dependent frailty w(x, u) and baseline hazard λ 0 (x). Note also that if λ 0 (x) is identically zero, then S 0 (y) ≡ 1, and that otherwise S 0 (y) < 1 for all y > 0. Thus, (2.4) is an integral equation of the type used to represent infections in endemic equilibrium without involving frailties or individual heterogeneity (Greenhalgh, 1990) , and so existing theory for such equations may be applied. Notably, if λ 0 (x) > 0, then R 0 > 1; and if R 0 > 1, then there exists a non-zero solution λ 0 (x). Let l 1 (x) denote the leading left eigenfunction of the operator B * 1 , which has kernel Dβ 0 (x, y){1 + γ (y)} f (y). A simple manipulation of (2.4) yields
(2.6) Note that if l 2 (x) is the leading left eigenfunction of the operator B * 2 , which has kernel D f (x){1 + γ (x)}β 0 (x, y), then we also have
This expression generalizes one derived in Farrington and others (2001) ; it can be easier to handle than (2.6) as the term {1 + γ (x)}S 0 (x) in the denominator simplifies. Equations (2.6) and (2.7) provide the basis for a new estimation method, described in the next section. Henceforth, it is assumed that the population age structure f (x) is known; it can readily be derived from a life table for the population.
ESTIMATION OF R 0
A social contact function C(x, y) for the infection of interest is a non-negative bivariate function proportional to β 0 (x, y). Thus, there is a positive q such that
An estimateĈ(x, y) of C(x, y) may be obtained from a contact survey, in which "contacts" are defined using a suitably chosen proxy variable (Wallinga and others, 2006) . Thus,Ĉ(x, y) is the estimated mean number of proxy contacts per unit time that an individual of age y makes with a single individual of age x.
Serological survey data are a readily available source of information on individual infection histories, and will be used, notably, to estimate the baseline infection hazard λ 0 (x). Serum samples taken from individuals of age x are tested for the presence of antibodies to one or more infections. A positive test result indicates that the individual has been infected in the past; a negative result indicates that the individual has not been infected. Serological data are thus current status data.
In order to estimate R 0 in the presence of individual heterogeneity, an estimate is required for γ (x). This may be obtained from a shared frailty model for two infections: the infection of primary interest, and a second infection primarily transmitted by the same mode (Farrington and others, 2012) . Since the two infections share the same mode of transmission, it is reasonable to assume that the individual frailties relevant to the transmission of infection specifically by this route are the same for the two infections and, furthermore, that the effective contact functions describing these types of contacts are proportional. It then follows from (2.3) that the hazards of infection for the infection of interest (infection 1), λ 1 (x, u), and for the paired infection (infection 2), λ 2 (x, u), are linked via the shared frailty model:
where λ 01 (x) and λ 02 (x) are the baseline hazards for infections 1 and 2, respectively, and u(x) is the shared frailty. In addition, if w(x, u)β 01 (x, y)w(y, v) and w(x, u)β 02 (x, y)w(y, v) denote the effective contact functions, we have
for distinct values q 1 , q 2 > 0. Estimation of the variance of w(x, u), and hence of γ (x), then proceeds by specifying a suitable parametric model for w(x, u). To estimate R 0 , two methods are available; one is based on (2.7); the other extends existing methods which are applicable when there is no individual heterogeneity.
The eigenfunction method
We begin with the new method, which does not require q 1 or q 2 to be estimated. Suppose that serum samples on n x individuals of age x are available for x = 1, . . . , M. Let n x00 denote the number of individuals of age x not previously infected by either infection, n x01 the number previously infected by infection 2 but not by infection 1, n x10 the number previously infected by infection 1 but not infection 2, and n x11 the number previously infected by both infections. Thus, the serological data comprise M 4-tuples (n x00 , n x01 , n x10 , n x11 ). The expected proportions in the four cells are given by the population survivor functions from the shared frailty model:
The expectations are taken over the random variables u 1 , . . . , u k . The baseline hazards λ 01 (x) and λ 02 (x) are specified parametrically. To allow for extra-multinomial variation, owing, for example, to assay variability, we model the data as Dirichlet-multinomial, with dispersion parameter ξ ∈ (0, 1], the limit ξ = 0 corresponding to the multinomial (see supplementary material available at Biostatistics online, Section 1). Maximization of the log-likelihood yields estimatesλ 01 (x),λ 02 (x), andγ (x). We then obtain the left leading eigenvectorl 2 (x) of f (x){1 +γ (x)}Ĉ(x, y), and the estimated functionsŜ 01 (x),Ŝ 02 (x) from (2.5).
Finally, these components are assembled using (2.7) to obtain the reproduction number of the infection of primary interest:
In practice, all quantities present in these equations are discretized, preferably in narrow age intervals, typically 1 year, up to the maximum age M. Thus, the integrals in (3.2) are replaced by sums.
The q-factor method
We now describe the other estimation method. This extends the method used for low-dimensional contact matrices (Farrington and others, 2001) . The basic reproduction numbers R 0i , i = 1, 2, are the leading eigenvalues of the operators D f (x)β 0i (x, y){1 + γ (y)}. The R 0i are obtained directly by substituting estimated values into this operator, suitably discretized as a matrix. To this end, estimates of the constants q i are required, since β 0i (x, y) must be estimated byq iĈ (x, y). The q i are estimated by calibrating the 534
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estimated social contact function against the serological data. Substituting q i C(x, y) in (2.4), we obtain the integral equations
3)
for i = 1, 2, where
Since the infections are endemic, (3.3) have non-zero solutions λ 0i (x). For given values q i and γ (x), these solutions may be found by iterating equations (3.3). The corresponding values of p 00 (x), p 01 (x), p 10 (x), and p 11 (x) may then be obtained, whence the Dirichlet-multinomial log-likelihood may be evaluated. Note that this log-likelihood is now a function only of q 1 , q 2 , and the parameters in γ (x). The maximum likelihood estimators so derived may then be used to obtain an estimate of R 0 as the leading eigenvalues of the
ROBUSTNESS
Both methods of estimation are maximum likelihood methods. The q-factor method generally requires the estimation of fewer parameters, and so is likely to be more efficient. Another factor in deciding which of the two methods to use is their robustness to perturbation of the social contact structure C(x, y). The eigenfunction method requires knowledge only of the leading left eigenfunction of f (x){1 + γ (y)}C(x, y), rather than approximating β 0 (x, y) by qC (x, y) , where q must be estimated. The estimate of q is a complicated function of C(x, y) involving its whole spectral structure. To guarantee unbiasedness, the q-factor method requires the strong assumption (3.1), restated for convenience as C(x, y) and β 0 (x, y) are proportional. (4.1)
In contrast, the eigenfunction method requires only that
have proportional leading left eigenfunctions. (4.2) Assumption (4.1) implies assumption (4.2), but not vice-versa. This suggests that the eigenfunction method may be more robust to perturbation of the social contact function C(x, y). General results from perturbation theory exist about the impact of matrix errors on eigenvalues and eigenvectors, but are not well suited for our present purpose (Golub and Van Loan, 1996, pp. 320-330) . To investigate the robustness of the two approaches, we performed simulations, described in supplementary material available at Biostatistics online, Section 2. For most, but not all simulation scenarios investigated, the eigenfunction method is more robust than the q-factor method to perturbation of the contact matrix, though at the cost of lower efficiency.
APPLICATION TO VZV INFECTION
We illustrate these methods with data on VZV infection. We use serological and contact data from England, Wales, and Poland; the data and data sources are described in supplementary material available at Biostatistics online, Section 3. To estimate heterogeneity in transmission, we used paired data on VZV and Parvovirus B19, an infection which, like VZV, is transmitted by droplets and close contact with respiratory infections. In both data sets, VZV data are not available beyond the age of 20 years. Thus, the estimates of R 0 obtained here do not involve the contribution from contacts with older individuals, and so will be underestimated. However, our primary aim is to compare methods rather than obtain definitive estimates of R 0 . We parameterized the baseline hazards of infection, λ 01 (x) and λ 02 (x), as piecewise constant on 5-year age groups. Individual heterogeneity was investigated using the measure of time-varying association φ introduced in Unkel and Farrington (2012) . Figure 1 shows the observed valuesφ, with Wald 95% confidence intervals; the dashed lines at 0 represent zero association. Most points lie above the line φ = 0, indicating a positive association. For Poland, there is compelling evidence of stronger association (larger φ values) and hence greater heterogeneity at lower ages; for England and Wales, the evidence for such age-dependence is weaker.
Estimation of basic reproduction numbers
To represent the heterogeneity, we used the following time-varying frailty model, introduced in Farrington and others (2012) :
where u 1 and u 2 are independent random variables distributed gamma with mean 1 and variances γ 1 and γ 2 , and ρ 0. Thus, γ (x) = γ 1 (1 + γ 2 ) exp(−ρx 2 ) + γ 2 . This choice is motivated by empirical considerations, discussed in Farrington and others (2012) . The exponential term exp(−ρx 2 ) in w(x, u) was chosen to ensure that the fitted values match the trend in the empirical valuesφ. Figure 1 shows the curve of fitted values of φ from this function w(x, u), using the eigenfunction method: the agreement is good; the dashed lines at φ = 0 correspond to the models without heterogeneity.
With this w(x, u), S 0 (y) in (2.5), pre-multiplied by {1 + γ (y)}, is where h(y) = exp(−ρy 2 ),
These integrations are done numerically.
Models were fitted using both the q-factor and the eigenfunction method, with and without heterogeneity. Note that, for each estimation method, the model without heterogeneity is nested within the model with heterogeneity. The models for the two estimation methods are not nested. Confidence intervals for R 0 were obtained using the profile likelihood (see supplementary material available at Biostatistics online, Section 1). The results for England and Wales are shown in Table 1 . They indicate that the q-factor and eigenfunction methods yield broadly comparable results, though the confidence intervals are slightly wider for the eigenfunction method, as expected. Allowing for heterogeneity produces a marked reduction in −2 loglik, notably for the q-factor method. Table 2 shows the results for Poland. The q-factor method yields higher values of R 0 than the eigenfunction method, which gives wider confidence intervals. Again, allowing for heterogeneity results in a drop in −2 loglik for both estimators.
The poor fit of the q-factor method without heterogeneity was commented on by Goeyvaerts and others (2010) , who adjusted the social contact matrix C(x, y) to improve the fit at younger ages. Doubts about the appropriateness of C(x, y) suggest that the generally more robust estimator of R 0 based on the eigenfunction method might be preferred. Whichever estimation method is used, the evidence of improved fit suggests that the effect of heterogeneity should be taken into account.
The lowest values of −2 loglik were obtained for the two models fitted using the eigenfunction method with heterogeneity. A rough assessment of the fit of these models is provided by the deviance (see supplementary material available at Biostatistics online, Section 1). The deviances were 82.74 on 69 degrees of freedom ( p = 0.124) for the England and Wales data, and 101.14 on 79 degrees of freedom ( p = 0.047) for the Poland data. These values suggest that the fit is acceptable for England and Wales, but borderline for Poland. However, these p-values are based on a χ 2 distribution of the deviance, which is questionable as some of the data are sparse. Accordingly, we show the graphical fit to the data for these two models, in single extreme outlier (deviance contribution 18.76), at age 1 for the paired data from England and Wales, apparent on Figure 2 ; there are no outliers for the Poland data. Our conclusion from these plots is that the fitted models are adequate. Using the results obtained using the eigenfunction method with heterogeneity, the estimate for R 0 for VZV infection in England and Wales is 5.3, with a 95% confidence interval (3.5, 10.5). For Poland, the R 0 estimate is 10.9 with 95% confidence interval (5.7, 33). Clearly, high vaccine coverage at birth, in excess of 1 − R −1 0 , would be required to eliminate varicella zoster infection.
FINAL COMMENTS
Heterogeneity of contacts is generally ignored in the estimation of reproduction numbers, and thus R 0 estimates have consequently tended to be underestimated. While the problem is well recognized, there has so far been little work to remedy it.
Our modeling approach suffers from several limitations, notably the restriction to frailties of the form w (x, u 1 , . . . , u k ) , where u 1 , . . . , u k are time-invariant random variables, and the frailty framework β(x, u; y, v) = w(x, u)β 0 (x, y)w(y, v), chosen largely for convenience, which imposes a proportional mixing structure on the random effects. The key novel ingredient required for estimating R 0 in the presence of heterogeneity is the term γ (x), the conditional variance of w(x, u). The estimation method we propose makes use of shared frailty models, applied to paired data on infections sharing a major transmission route. However, it is unlikely that the shared component will account for all transmission for the infection of interest: our method does not allow for additional unshared modes of transmission, and so may underestimate γ (x). This could be accommodated by elaborating the correlated frailty model proposed by Hens and others (2009) along the lines of the multiple transmission route model of Farrington and Whitaker (2005) , though estimation of the unshared component and its attribution to heterogeneity of contacts, rather than of susceptibility which, as shown in supplementary material available at Biostatistics online, does not affect R 0 , remain problematic.
The sensitivity of R 0 to different specifications of the contact function has been studied extensively, with the aim of finding bounds on its value (Greenhalgh and Dietz, 1994; Britton, 2001) . Empirical investigations of different contact structures, stratified by intimacy and duration, have been undertaken using data from the same contact survey as used here (Ogunjimi and others, 2009; Melegaro and others, 2011) , along with adjustments to the social contact matrix to improve its fit to the data (Goeyvaerts and others, 2010) . We sought a different approach, namely to define a new estimator or R 0 , with the aim of reducing its dependence on the contact function. However, while the eigenfunction method is often less biased than the q-factor method, it is not clear to what types of perturbation of the social contact function C(x, y) it is, or is not, robust. Further work to elucidate this issue would be welcome.
SUPPLEMENTARY MATERIAL
Supplementary material is available online at http://biostatistics.oxfordjournals.org.
